
ON THE CONNECTIVITY OF THE PROPER ENHANCED

POWER GRAPH OF GROUPS

LE VAN CHUA1,2, NGUYEN TIEN HOANG1 AND NGUYEN HOANG KHANG1

Abstract. Let G be a group. The enhanced power graph of G, denoted by

Pe(G), is a simple undirected graph with the vertex set is G, in which two

distinct vertices x and y are adjacent if and only if there exists an element
z ∈ G such that both x and y are powers of z. The proper enhanced power

graph P∗
e (G) ofG is an induced subgraph of Pe(G) generated by all nonidentity

elements of G. In this paper, we show that Pe(G) is connected if and only if G

is periodic. We also show that if G is a p-group, then P∗
e (G) is connected if and

only if G has a unique subgroup of order p. For an arbitrary group G, we show
that G is either periodic or torsion-free provided that P∗

e (G) is connected. As

an application, we show that if D is a division ring of characteristic not 2

containing more than 3 elements, then P∗
e (GLn(D)) of the general skew linear

group GLn(D) is connected if and only if D is a locally finite field and GLn(D)

is different from GL2(F9).

1. Introduction

The enhanced power graph of a groupG, denoted by Pe(G), is a simple undirected
graph with the vertex set is G, in which two distinct vertices x and y are adjacent
if and only if there exists an element z ∈ G such that both x and y are powers of
z. In other words, x and y are adjacent in Pe(G) if and only if the subgroup ⟨x, y⟩
generated by x and y is cyclic. The concept of an enhanced power graph was first
introduced by Aalipour et al. [1]. The enhanced power graphs of groups have been
studied by several authors (see [4],[5],[15],[20],[23],[26]). The proper enhanced power
graph P∗

e (G) of G is an induced subgraph of Pe(G) generated by all nonidentity
elements of G. In this paper, we study the connectivity of the proper enhanced
power graph P∗

e (GLn(D)) of the skew general linear group GLn(D).
For a simple undirected graph Γ, a edge {x, y} in Γ is denoted by x ∼ y, and we

say that x is adjacent to y. A graph Γ is called complete if x ∼ y for every distinct
vertices pair x and y. A finite sequence of distinct vertices x0, x1, . . . , xn−1, xn in
Γ is called a path from x0 to xn if xi ∼ xi+1 for every 0 ≤ i ≤ n. The number
n is called the length of this path. Two distinct vertices x and y are connected if
there exits a path from x to y. A graph Γ is said to be connected if x and y are
connected for every x, y ∈ Γ. If x and y are connected, the distance between two
vertices x and y is the length of the shortest path from x to y, and is denoted by
d(x, y), otherwise, we define d(x, y) = ∞. The diameter of a graph Γ is defined

diam(Γ) = sup{d(x, y) | x and y are vertices of Γ}.
A group G is called periodic if every element of G has finite order. A group G is

said to be torsion-free if every nonidentity element of G has infinite order. A group
G is called locally cyclic if every finitely generated subgroup of G is cyclic. A group
is locally finite if any finitely generated subgroup is finite. Let p be a prime number.
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A group G is said to be p-group if the order of every element of G is a power of
p. Observe that every p-group is periodic. The generalized quaternion group Q2n ,
n ≥ 2, is defined by

Q2n = ⟨a, b | a2
n−1

= 1, b4 = 1, b2 = a2
n−2

, bab−1 = a−1⟩.

For n = 3, the group Q8 is called a quaternion group.
Recall that the power graph P(G) of a group G is a simple undirected graph

whose the vertex set is G, and two distinct vertices x and y are adjacent if one is
a positive power of the other. In other words, x and y are adjacent if ⟨x⟩ ≤ ⟨y⟩ or
⟨y⟩ ≤ ⟨x⟩. This graph was first introduced by Chakraborty et al. [10]. The proper
power graph P∗(G) of a group G is the induced subgraph of P(G) generated by all
nonidentity elements of G. Some results on the power graphs and the proper power
graphs, we prefer to papers [1],[2],[3],[5],[6],[7],[8],[9],[11],[13],[17],[18],[21],[22]. Ob-
serve that the power graph is a spanning subgraph of the enhanced power graph,
and so the proper power graph is a spanning subgraph of the power enhanced power
graph. In [1], the authors characterized the finite groups for which equality holds
for the power graph and enhanced power graph. They proved that if G is a finite
group, then P(G) is equal to Pe(G) if and only if every element of G has prime
power order. The cyclic subgroup intersection graph of a group G, denoted by
Γc(G), is a simple undirected graph whose the vertex set consists of all non-trivial
proper cyclic subgroups of G, and two distinct vertices ⟨x⟩ and ⟨y⟩ are adjacent if
and only if ⟨x⟩ ∩ ⟨y⟩ is nontrivial. Some results on the cyclic subgroup intersection
graphs of groups, we prefer to papers [14] and [24].

In this paper, we study the connectivity of the graphs Pe(G) and P∗
e (G) of a

group G. We also show the close relation between three graphs, namely, P∗
e (G),

P∗(G), and Γc(G). For a nontrivial p-group G, we show that Pe(G) = P(G), and
that P∗

e (G) is connected if and only if G has a unique subgroup of order p. In the
case when G has finite order pn, we prove that P∗

e (G) is connected if and only if G
is either cyclic or a 2-group isomorphic to Q2n . For an arbitrary group G, we show
that Pe(G) is connected if and only if G is periodic. We also prove that if P∗

e (G)
is connected, then G is either periodic or torsion-free. For an infinite division ring
D, we prove that P∗

e (GLn(D)) is connected if and only if D is a locally finite field
provided the characteristic of D is not 2.

2. The connectivity of enhanced power graphs of arbitrary groups

In this section, we investigate the connectivity of the enhanced power graph
Pe(G) of a group G and compute its diameter. We also show the close relation
between the enhanced power graph Pe(G) and the power graph P(G). Observe
that P(G) is a spanning subgraph of Pe(G). However, P(G) is not equal to Pe(G)
in general. Here, we show that if G is a p-group, then Pe(G) = P(G), and that if
F is a field, then F is locally finite if and only if Pe(F

∗) = P(F ∗).
For a finite group G, it was shown in [4, Theorem 2.4] that Pe(G) is complete if

and only if G is cyclic. In the following proposition, we get a result for arbitrary
groups.

Proposition 2.1. Let G be a group. Then, the graph Pe(G) is complete if and
only if G is locally cyclic.

Theorem 2.2. Let G be a group. Then, the following assertions hold:
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(1) The graph Pe(G) is connected and diam(Pe(G)) ≤ 2.
(2) diam(Pe(G)) = 1 if and only if G is locally cyclic.
(3) diam(Pe(G)) = 2 if and only if G is noncyclic periodic.

Proof. Assume that x and y are two distinct vertices in Pe(G). If ⟨x, y⟩ is cyclic,
then x ∼ y, and so diam(Pe(G)) = 1. Hence, we can suppose that ⟨x, y⟩ is not
cyclic. Observe that ⟨x, 1⟩ is cyclic, which implies that x ∼ 1. Similarly, 1 ∼ y,
and we get a path x ∼ 1 ∼ y in Pe(G). Therefore, we can conclude that Pe(G)
is connected and diam(Pe(G)) ≤ 2. Now, we have diam(Pe(G)) = 1 if and only
if Pe(G) is complete. Equivalently, G is locally cyclic by Proposition 2.1. Finally,
assume that diam(Pe(G)) = 2, and a ∈ G\{1}. Then, there exists b ∈ G such that
1 ∼ b ∼ a is a path in Pe(G). It is easy to verify a has finite order. Hence, G is
periodic. Clearly, G is noncyclic. The converse is clear. □

Theorem 2.3. Let G be a group. Then, the graph Pe(G) is connected if and only
if G is periodic.

Proof. Assume tha Pe(G) is connected and x ∈ G\{1}. Then, x and 1 are connected.
Hence, there exists a path 1 ∼ x1 ∼ x2 ∼ · · · ∼ xn−1 ∼ xn = x in Pe(G). Since
1 ∼ x1, there exists k > 1 such that xk

1 = 1. On the other hand, x1 ∼ x2, it follows
that ⟨x1, x2⟩ = ⟨y⟩ is a cyclic subgroup of G. One has x1 ∈ ⟨y⟩, so that 1 = xk

1 = ykl

for some l ≥ 1. Hence, y has finite order. Since x2 ∈ ⟨y⟩, x2 has finite order. By
induction one may prove that x has finite order. Consequently, G is periodic. The
converse is clear. □

Corollary 2.4. Let G1, G2, . . . , Gn be groups. Then, Pe(G1 × G2 × · · · × Gn) is
connected if and only if Pe(Gi) is connected for every i.

Corollary 2.5. If G is an infinite cyclic group, then Pe(G) is not connected.

Let G be a group. It is clear that the power graph P(G) is a spanning subgraph
of the enhanced power graph Pe(G). However, the graph P(G) is not equal to the
graph Pe(G) in general. The following question raises naturally.

Question 1. [1, Question 27] For which (finite) groups is the power graph equal to
the enhanced power graph?

It was shown in [1, Theorem 28] that, for a finite G, the power graph P(G) is
equal to the enhanced power graph Pe(G) if and only if every element of G has
prime power order. As a corollary, if G is a finite p-group, then P(G) = Pe(G).
The following theorem shows that this result always holds for arbitrary p-groups.

Theorem 2.6. If G is a p-group, then P(G) = Pe(G).

Proof. Assume that x, y ∈ G such that x ∼ y in Pe(G). Then, H = ⟨x, y⟩ is a
cyclic subgroup of G. It is clear that H is a finite cyclic p-subgroup of G. Hence,
P(H) = Pe(H). By [4, Theorem 2.4], P(H) is complete, which implies that x ∼ y
in P(H). Therefore, x ∼ y in P(G), and so P(G) = Pe(G). □

Recall that a field F is said to be locally finite if every its finitely generated
subfield is finite. Equivalently, F is a locally finite field if and only if F is algebraic
over its prime subfield Fp for some prime p.

Theorem 2.7. Let F be a field. Then, P(F ∗) = Pe(F
∗) if and only if F is a

locally finite field.
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Proof. Assume that F is a locally finite field, and x is adjacent to y in Pe(F
∗).

We claim that x is adjacent to y in P(F ∗). Let K be the subfield of F generated
by x and y. By hypothesis, K is finite, and so K∗ is cyclic. By [4, Theorem 2.4],
P(K∗) is complete. Hence, x ∼ y in P(K∗), which implies that x ∼ y in P(F ∗), so
that P(F ∗) = Pe(F

∗). Conversely, assume that P(F ∗) = Pe(F
∗). Then, for every

x ∈ F ∗\{1}, one has x ∼ 1 in P(F ∗) = Pe(F
∗). It follows that x has finite order,

and so F ∗ is periodic. Hence, the characteristic of F must be a prime number p.
Suppose that Fp is the prime subfield of F. It is clear that F is algebraic over Fp.
Consequently, F is a locally finite field. □

3. The connectivity of proper enhanced power graphs of p-groups

Let G be a p-group. Observe that G is a periodic group. In view of Theorem 2.2,
the enhanced power graph Pe(G) is connected. However, the proper enhanced
power graph P∗

e (G) is not connected in general. For example, for the 2-group
Z2 × Z2, one has Pe(Z2 × Z2) is connected; but P∗

e (Z2 × Z2) is not connected. In
this section, we study the connectivity of the proper enhanced power graph of p-
groups. We show that P∗

e (G) is connected if and only if G has a unique subgroup of
order p. In particular, if G has finite order pn, then P∗

e (G) is connected if and only
if the group G is either cyclic or a 2-group isomorphic to the generalized quaternion
group Q2n . We also prove that if P∗

e (G) is connected, then the graph P∗
e (Aut(G))

is connected provided p is odd.

Lemma 3.1. Let G be a p-group and x a vertex of order p in P∗
e (G). Assume that

Cx is a connceted component of P∗
e (G) containing x. Then, every y ∈ Cx\{x} is

adjacent to x.

Proof. By hypothesis, x is connected to y in P∗
e (G). Hence, there exists a path

x = x0 ∼ x1 ∼ x2 ∼ x3 ∼ · · · ∼ xn−1 ∼ xn = y

in P∗
e (G). By Theorem 2.6, it follows that P∗(G) = P∗

e (G). Consider the path
x = x0 ∼ x1 ∼ x2. Then, either ⟨x⟩ ≤ ⟨x1⟩ or ⟨x1⟩ ≤ ⟨x⟩, and ⟨x1, x2⟩ is cyclic.
Since x has order p, ⟨x, x2⟩ ≤ ⟨x1, x2⟩, and so x ∼ x2. Then, one has a path

x = x0 ∼ x2 ∼ x3 ∼ · · · ∼ xn−1 ∼ xn = y

in P∗
e (G). Repeating this argument with x2 in place of x1 and x3 in place of x2

shows that x ∼ x3. After a finite number of repetitions we have x ∼ y. □

Theorem 3.2. Let G be a nontrivial p-group. Then, there exists a one-to-one
correspondence between connected components of P∗

e (G) and subgroups of order p.
Hence, P∗

e (G) is connected if and only if G has a unique subgroup of order p.

Proof. Let S be the set of all cyclic subgroups of order p of G and T be the
set of all connected components of P∗

e (G). We would like to define φ : S → T
by φ(⟨x⟩) = C⟨x⟩, where C⟨x⟩ is the connected component of P∗

e (G) containing
x. Suppose that ⟨x⟩ = ⟨y⟩. Then, x is adjacent to y in P∗

e (G), which means that
C⟨x⟩ = C⟨y⟩. Therefore, the map φ : S → T given by φ(⟨x⟩) = C⟨x⟩ is a well-defined
function. To prove that φ is surjective, suppose C is a connected component of
P∗
e (G). We choose a vetex z in C. Then, z has order pk for some k ≥ 1. It folllows

that x = zp
k−1

has order p. Observe that z is adjacent to x, which implies that
z ∈ C⟨x⟩. It is easy to verify that C = C⟨x⟩ = φ(⟨x⟩), and φ is surjective. To
prove that φ is injective, suppose φ(⟨x⟩) = φ(⟨y⟩). Then, C⟨x⟩ = C⟨y⟩, so that x is
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connected to y in P∗
e (G). By Lemma 3.1, x ∼ y in P∗

e (G) = P∗(G). Since x and y
has the same order p, ⟨x⟩ = ⟨y⟩. Hence, φ is injective. The theorem is proved. □

Let p be a prime number. Recall that the p-quasicyclic group Cp∞ (known also
as the Prüfer group) is the p-primary component of Q/Z. We define the group Q2∞

as follows

Q2∞ =
⋃
i≥3

Q2i ,

where Q2i is a subgroup of index 2 in Q2i+1 . We have the following result for infinite
p-groups.

Theorem 3.3. Let G be an infinite locally finite p-group. Then, P∗
e (G) is connected

if and only if either G ∼= Cp∞ or G ∼= Q2∞ .

Proof. Assume that P∗
e (G) is connected. Then, by Theorem 3.2, G has a unique

subgroup of order p. According to Burnside’s Theorem, G is a union of cyclic or
generalized quaternion groups. If G is abelian, then G ∼= Cp∞ . If G is nonabelian,
then G ∼= Q2∞ . The converse is clear. □

Corollary 3.4. If G is a finite noncyclic p-group, P∗
e (G) is not connected.

Proof. Let n be the number of subgroups of order p in G. Then, n ≡ 1 mod p. Since
G is noncyclic, n > p. According to Theorem 3.2, P∗

e (G) is not connected. □

Corollary 3.5. Let G be a nontrivial finite p-group with p > 2. Then, P∗
e (G) is

connected if and only if G is cyclic.

Proof. The result follows immediately from Theorem 3.2 and [25, Theorem 7.16].
□

Corollary 3.6. Let G be a nontrivial finite 2-group. Then, P∗
e (G) is connected if

and only if G is either cyclic or G ∼= Q2n .

Proof. The result follows immediately from Theorem 3.2 and [25, Theorem 7.17].
□

Lemma 3.7. For the symmetric group S4, the graph Pe(S4) is connected, and
P∗
e (S4) is not connected.
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Proof. By Theorem 2.2, the graph Pe(S4) is connected, and diam(Pe(S4)) = 2. We
can draw this graph as follows:

(1)

(12) (13) (14) (23) (24) (34)

(142)

(124)

(243)

(234)

(123)

(132)

(134)

(143)

(1234) (1432) (1324) (1423) (1243) (1342)

(13)(24) (12)(34) (14)(23)

It follows that P∗
e (S4) is not connected. □

Let G be a group. The automorphism group Aut(G) of G is the set of all
automorphisms of G. It was known that Aut(G) is abelian provided G is cyclic. If
G is a nontrivial finite cyclic p-group of order pn, then Aut(G) has order pn−1(p−1).

Theorem 3.8. Let G be a nontrivial finite p-group and P∗
e (G) be connected. Then,

(1) If p > 2, then P∗
e (Aut(G)) is connected.

(2) If p = 2 and |G| = 2n > 4, then P∗
e (Aut(G)) is not connected.

Proof. Assume that P∗
e (G) is connected. For p > 2, one has Aut(G) is cyclic.

By Corollary 3.5, P∗
e (Aut(G)) is connected. Now, for p = 2 and |G| = 2n > 4,

according to Corollary 3.6, either G is cyclic or G ∼= Q2n . If G = ⟨x⟩ is cyclic,
then Aut(G) is an abelian group of order 2n−1. One has Aut(G) = ⟨α⟩×⟨β⟩, where
α(x) = x−1 and β(x) = x5. Observe that α and αβ2n−3

are the only automorphisms
of order 2. This means Aut(G) has more than one subgroup of order 2. Therefore,
P∗
e (Aut(G)) is not connected. Now, suppose that G ∼= Q2n . If n = 3, then

Aut(G) ∼= Aut(Q8) ∼= S4.

By Lemma 3.7, P∗
e (S4) is not connected, and so P∗

e (Aut(G)) is not connected.
Hence, we can assume that n ≥ 4. Then, Aut(G) ∼= Aut(Q2n). Observe that
Aut(Q2n) is a 2-group of order 22n−3, and Aut(Q2n) ∼= H, where

H =
{(

a b
0 1

)
| a, b ∈ F2n−1

}
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is the subgroup of the general linear group GL2(F2n−1). Observe that x =

(
−1 0
0 1

)
and y =

(
−1 1
0 1

)
are two elements of order 2. This means ⟨x⟩ and ⟨y⟩ are two

distinct subgroups of order 2 in H. Therefore, P∗
e (H) is not connected. This implies

that P∗
e (Aut(G)) is not connected. The proof of the corollary is now complete. □

Remark 1. If G is a group of order 4, then either G ∼= C4 or G ∼= C2 × C2. If
G ∼= C4, then the group Aut(G) has order 2, which implies that P∗

e (Aut(G)) has a
unique vertex. If G ∼= C2 × C2, then Aut(G) ∼= Aut(C2 × C2) ∼= S3. Since P∗

e (S3)
is not connected, P∗

e (Aut(G)) is not connected.

4. The connectivity of the proper enhanced power graph of GLn(D)

In this section, we investigate the connectivity of the proper enhanced power
graph P∗

e (G) of a group G. We show that if P∗
e (G) is connected, then G is either

periodic or torsion-free. We also show the close relation between three the graphs;
namely, the proper enhanced power graph P∗

e (G), the proper power graph P∗(G)
and the cyclic subgroup intersection graph Γc(G). Let D be an infinite division
ring of characteristic not 2 and n a positive integer. We show that P∗

e (GLn(D)) is
connected if and only if D is a locally finite field.

For a periodic group G, the graph Pe(G) is always connected by Theorem 2.3.
However, the graph P∗

e (G) is not necessarily connected. For example, for the sym-
metric group S4, the graph P∗

e (S4) is not connected by Lemma 3.7. Similarly, the
power graph P(G) of the group G is connected; but the power power graph P∗(G)
is not necessarily connected. The following question raises naturally.

Question 2. [1, Question 39] Which groups do have the property that the proper
power graph is connected?

The next theorem shows that the graph P∗(G) is connected if and only if the
graph P∗

e (G) is connected. Hence, Question 2 can be stated for the proper enhanced
power graphs. For a nontrivial p-group G containing a unique subgroup of order p,
the proper enhanced power graph P∗

e (G) is connected by Theorem 3.2.

Lemma 4.1. Let G be a group and x, y ∈ G. Then, if x ∼ y in P∗
e (G), then either

x ∼ y in P∗(G) or there exists z ∈ G such that x ∼ z ∼ y is a path in P∗(G).

Proof. By hypothesis, the subgroup ⟨x, y⟩ is cyclic. It follows that there exists an
element z ∈ G such that ⟨x, y⟩ = ⟨z⟩. If either z = x or z = y, then either ⟨y⟩ ≤ ⟨x⟩
or ⟨x⟩ ≤ ⟨y⟩, and so x ∼ y in P∗(G). If z is different from x and y, then clearly
⟨x⟩ ≤ ⟨z⟩ and ⟨y⟩ ≤ ⟨z⟩. Hence, x ∼ z ∼ y is a path in P∗(G). □

The following theorem shows that the connectivities of the proper enhanced
power graph P∗

e (G) and the proper power graph P∗(G) of an arbitrary group G
are always equivalent.

Theorem 4.2. Let G be a group. Then, P∗
e (G) is connected if and only if P∗(G)

is connected. Furthermore, if both P∗
e (G) and P∗(G) are connected, then

diam(P∗
e (G)) ≤ diam(P∗(G)) ≤ 2 diam(P∗

e (G)).

Proof. Assume that P∗(G) is connected. Since P∗(G) is a spanning subgraph of
P∗
e (G), clearly P∗

e (G) is connected, and diam(P∗
e (G)) ≤ diam(P∗(G)).
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Conversely, assume that P∗
e (G) is connected. We claim that P∗(G) is connected,

and diam(P∗(G)) ≤ 2 diam(P∗
e (G)). To see this, suppose that x and y are two

distinct vertices in P∗(G). Since P∗
e (G) is connected, there exists a path

x = x0 ∼ x1 ∼ x2 ∼ · · · ∼ xn−1 ∼ xn = y

in P∗
e (G) with d(x, y) = n. According to Lemma 4.1, there exist distinct elements

z1, z2, . . . , zn ∈ G such that

x = x0 ∼ z1 ∼ x1 ∼ z2 ∼ x2 ∼ · · · ∼ xn−1 ∼ zn ∼ xn = y

is a path in P∗(G). This means d(x, y) ≤ 2n in P∗(G). Hence, P∗(G) is connected,
and diam(P∗(G)) ≤ 2 diam(P∗

e (G)). The proof of the theorem is now complete. □

Corollary 4.3. Let G be a group. If the graph P∗
e (G) is connected, then G is either

periodic or torsion-free.

Proof. The proof follows immediately from Theorem 4.2 and [6, Lemma 1]. □

The following theorem shows that if G is a noncyclic group, then the connectivi-
ties of the proper enhanced power graph P∗

e (G) and the cyclic subgroup intersection
graph Γc(G) are equivalent.

Theorem 4.4. Let G be a noncyclic group. Then, P∗
e (G) is connected if and only

if Γc(G) is connected. Furthermore, if both P∗
e (G) and Γc(G) are connected, then

diam(P∗
e (G)) ≤ 2 diam(Γc(G)) ≤ 4 diam(P∗

e (G)).

Proof. Assume that P∗
e (G) is connected. We claim that Γc(G) is connected. To see

this, suppose that ⟨x⟩ and ⟨y⟩ are two distinct vertices in Γc(G). It is clear that x
and y are two distinct vertices in P∗

e (G). By hypothesis, there exists a path

x = x0 ∼ x1 ∼ x2 ∼ · · · ∼ xn−1 ∼ xn = y

in P∗
e (G). For every 0 ≤ i ≤ n−1, one has ⟨xi, xi+1⟩ = ⟨zi⟩ is cyclic subgroup of G.

Without loss of generality, we can assume that ⟨xi⟩ is not equal to ⟨xi+1⟩. Then,
one has ⟨xi⟩ ∼ ⟨zi⟩ ∼ ⟨xi+1⟩ is a path in Γc(G) for every 0 ≤ i ≤ n − 1. Then, we
get a path

⟨x⟩ ∼ ⟨z0⟩ ∼ ⟨x1⟩ ∼ ⟨z1⟩ ∼ ⟨x2⟩ ∼ · · · ∼ ⟨xn−1⟩ ∼ ⟨zn−1⟩ ∼ ⟨y⟩
in Γc(G). Hence, d(⟨x⟩, ⟨y⟩) ≤ 2d(x, y). Therefore, we can conclude that Γc(G) is
connected and diam(Γc(G)) ≤ 2 diam(P∗

e (G)).
Conversely, assume that Γc(G) is connected. We shall prove that P∗

e (G) is
connected. Suppose that a and b are two distinct vertices in P∗

e (G). If ⟨a⟩ = ⟨b⟩,
then clearly ⟨a, b⟩ is cyclic, and so x ∼ y in P∗

e (G). Hence, we may assume that ⟨a⟩
is not equal to ⟨b⟩. By hypothesis, there exists a path

⟨a⟩ = ⟨a0⟩ ∼ ⟨a1⟩ ∼ ⟨a2⟩ ∼ · · · ∼ ⟨an−1⟩ ∼ ⟨an⟩ = ⟨b⟩
in Γc(G). Observe that a = a0, a1, a2, . . . , an−1, an = b are distinct vertices in
P∗
e (G). For every 0 ≤ i ≤ n− 1, there exits a nonidentity element ci ∈ G such that

ci ∈ ⟨ai⟩ ∩ ⟨ai+1⟩. It follows that ⟨ci⟩ ≤ ⟨ai⟩ and ⟨ci⟩ ≤ ⟨ai+1⟩, and so ⟨ci, ai⟩ and
⟨ci, ai+1⟩ are cyclic. From this fact, we have ai ∼ ci ∼ ai+1 is a path in P∗

e (G).
Hence, we get a path

a = a0 ∼ c0 ∼ a1 ∼ c1 ∼ a2 ∼ · · · ∼ an−1 ∼ cn−1 ∼ an = b

in P∗
e (G). Hence, d(a, b) ≤ 2d(⟨a⟩, ⟨b⟩). Consequently, P∗

e (G) is connected and
diam(P∗

e (G)) ≤ 2 diam(Γc(G)). The proof of the theorem is now complete. □
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Combining Theorems 4.2 and 4.4, we get the following result.

Corollary 4.5. Let G be a noncyclic group. Then, the following conditions are
equivalent:

(1) The proper enhanced power graph P∗
e (G) is connected.

(2) The proper power graph P∗(G) is connected.
(3) The cyclic subgroup intersection graph Γc(G) is connected.

The following corollary gives the affirmative answer to Question 2 for the general
skew linear groups.

Theorem 4.6. Let D be an infinite division ring of characteristic not 2 and n a
positive integer. Then, the following conditions are equivalent:

(1) The graph P∗
e (GLn(D)) is connected.

(2) The graph P∗(GLn(D)) is connected.
(3) The graph Γc(GLn(D)) is connected.
(4) D is a locally finite field.

Proof. In the case n = 1. Then, by [19, Ex.13.4A], it follows that D∗ is not cyclic.
We claim that (1) is equivalent to (4). Indeed, assume that P∗

e (D
∗) is connected.

By Corollary 4.3, either D∗ periodic or torsion-free. Since D has characteristic not
2, D∗ must be periodic. By a result of Jacobson [12, Theorem 3.9.5], D is a field.
It is easy to verify that D is a locally finite field. Conversely, suppose that D is a
locally finite field. We claim that P∗

e (D
∗) is connected. To see this, suppose x and

y are two distinct vertices of P∗
e (D

∗). Let K be the subfield of D generated by x
and y. Then, K is a finite field, and so K∗ is cyclic. Since x and y are in K∗, the
subgroup ⟨x, y⟩ of K∗ is cyclic, which implies that x ∼ y in P∗

e (D
∗). Consequently,

P∗
e (D

∗) is connected. On the other hand, by Corollary 4.5, we get the conditions
are equivalent. In the case when n ≥ 2. Then, this result follows from Theorem 4.2
and [16, Theorem 5]. □

Remark 2. It is known that GL2(F2) ∼= S3. Since P∗
e (S3) is not connected,

P∗
e (GL2(F2)) is not connected. By [16, Theorem 4], Γc(GL2(F3)) is not connected.

Hence, P∗
e (GL2(F3)) is not connected by Corollary 4.5. According to Corollary 4.5

and [16, Theorem 4], we get P∗
e (GL2(F9)) is not connected.
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